I. INTRODUCTION
One of the big merits of the liquid drop model consists of that it defines in a consistent way the rotational bands. Many theoretical efforts have been made for the description of excitation energies as well as of electromagnetic transitions probabilities. One of aims, in the beginning era, was to obtain a closed formula for the ground band energies which explain the deviations from the J(J + 1) pattern. Various methods have been proposed which were mainly based on the variational moment of inertia principle [1] [2] [3] . These approaches proposed for ground band energies a series expansion in terms of J(J + 1)
term. The weak point of these expansions is that they do not converge for high angular momenta. The first attempt to avoid this difficulty was due Holmberg and Lipas [4] who proposed a square root of a linear expression of J(J + 1). This expression proves to work better than a quadratic expression in J(J + 1).
Here we address the question whether this formula can be improved such that it could be extended to the region of states with high angular momenta. In the present paper we offer three solutions for this problem, each of them being obtained in a distinct manner. One solution is based on a semiclassical treatment of a second order quadrupole boson Hamiltonian. The remaining two expressions for the ground band energies are given by asymptotic and near vibrational expansions respectively, of an angular momentum projection formula. The three expressions obtained for energies are used for a large number of nuclei. The above sketched project has been achieved according to the following plan. In Section II we present the semiclassical approach in connection with a quadratic quadrupole boson Hamiltonian. In Section III the angular momentum projection method is described. Numerical applications are presented in Section IV, while the final conclusions are drawn in Section V.
II. SEMICLASSICAL TREATMENT OF A SECOND ORDER QUADRUPOLE BOSON

HAMILTONIAN
For a moment we consider the simplest quadrupole boson (b † 2,µ , −2 ≤ µ ≤ 2) Hamiltonian:
Here we are interested to study the classical equations provided by the time dependent variational principle associated to H: a canonical form. This is achieved by the transformation:
Indeed, in the new coordinates the classical equations of motion become:
In terms of the new coordinates, the Hamilton function is written as: Taking into account these relations, the classical energy function becomes:
For what follows it is useful to use the polar coordinates: 12) for the Hamilton function:
13) The classical system described by H is exactly solvable since the number of degrees of freedom is equal to the number of constants of motion. Indeed, taking the time derivatives of H and L 3 , the third component of a pseudo-angular momentum acting in a fictitious boson space, one obtains:
14)
The components of the pseudo-angular momentum are defined in Appendix A. Here we need the conserved component:
Its constant value is conventionally taken to be: 16) which allows us to express the angular variable derivative in terms of the radial one:
Thus, the energy function written in the reduced space, becomes:
We recognize in the effective potential energy: 19) just the Davidson potential.
Instead of solving the classical trajectories and then quantizing them, here we first quantize the energy by replacing
(2.20)
Thus, one arrives at the Schrödinger equation:
Making use of the change of variable and function: 22) one obtains the following differential equation:
This should be compared with the differential equation for the Laguerre polynomials:
Indeed, the two equations are identical provided the following equations hold:
From the last equation we derive the expression of s as a function of L. The positive solution is:
The second equation (2.25) yields for the energy ǫ the following expression:
An approximative expression may be obtained by expanding first the Davidson potential V ef f around its minimum r 0 given by the equation: 28) and truncating the expansion at the quadratic term. The result for the energy function is:
Quantizing this Hamilton function we obtain an eigenvalue equation for a harmonic oscillator whose energy is:
We remark the fact that the two spectra coincide when L is large:
Note that the initial boson Hamiltonian could be easily diagonalized by a suitable chosen canonical transformation:
The second equation provides a homogeneous system of equations for the tranformation 34) which determine U and V up to a multiplicative constant which is fixed by the first equation which gives:
The compatibility condition for Eq. (2.34) gives E = A 
The frequency obtained is half the one obtained through the semiclassical approach. The reason is that here the frequency is associated to each of the 5 degrees of freedom while semiclassically the frequency is characterizing a plane oscillator. Note that the pseudoangular momentum L is different from the angular momentum in the laboratory frame describing rotations in the quadrupole boson space:
The expected value of the angular momentum square is:
Since the variational function |Ψ is not eigenstate ofĴ 2 , the above mentioned average value is not a constant of motion. Indeed, it is easy to check that:
It is instructive to see whether we could crank the system so that the magnitude of angular momentum is preserved, i.e.
Using the polar coordinates the above equation becomes:
This equation is treated similarly with the energy equation. Thus by the quantization: 
Making the change of variable and function:
we obtain the following equation for Ψ:
This equation admits the Laguerre polynomials L m ′ n ′ (x) with the quantum numbers determined as follows:
The last relation (2.46) can be viewed as an equation determining L:
On the other hand taking the harmonic approximation for the potential term in Eq. (2.41) one obtains the classical equation for a harmonic oscillator from which we get:
Reversing this equation one can express the pseudo-angular momentum L in terms of the angular momentum J: 
Remark the fact that for a fixed pair of (n, n ′ ) each of the above equations define a rotational band: The lowest band corresponds to (n, n ′ ) = (0, 0) and defines the ground band. Except for the band energies E
00J which exhibits a J(J + 1) pattern the other three bands have the same generic expressions. Thus the excitation energies have the form:
which is a generalization of the Holmberg-Lipas formula [4] .
We recall that we required that the average value ofĴ 2 equals 2 J(J + 1). Subsequently we eliminated the energy dependence on the pseudo-angular momentum L. In this way we projected approximately the angular momentum from the variational state.
In the next section we shall show that the exact treatment of the angular momentum projection yields also a closed formula for energy as function of J(J + 1).
III. THE METHOD OF ANGULAR MOMENTUM PROJECTED STATE
For the sake of simplicity here we consider a simple form for the variational state
in connection with the following quadrupole boson Hamiltonian:
2)
The vacumm state for the quadrupole boson operators is denoted by |0 while d is a real quantity which plays the role of the deformation parameter. The reason is the fact that the average value of the quadrupole moment, written in the lowest order in terms of quadrupole boson operator, with the function |Ψ g is proportional to d. The component of a given angular momentum is obtained by a projection procedure:
where P J M K denotes the angular momentum projection operator:
with D J * M K denoting the Wigner functions andR(Ω) a rotation defined by the Euler angle Ω. The system energy is defined as the average value of H with the projected state:
where we denoted by I (0)
J the overlap integral:
The k derivative of this integral is denoted by:
The normalization constant for the projected state has the expression:
These integrals have been analytically calculated in Ref. [12] . Actually the energies presented here refer to the ground band described by the coherent state model (CSM) which considers simultaneously three interacting bands, ground, beta and gamma. In the asymptotic limit of the deformation parameter d the ground band energies have the
It is worth to mention that Eq. (3.9) is similar to the generalized HL formula, with the difference that here the coefficients of the terms J(J + 1) and J 2 (J + 1) 2 have explicit expressions in x. Moreover there appears an additional J(J + 1) term outside the square root symbol. The expression (3.9) is obtained by replacing the series expansion in 1/x, associated to the ratio x
by a faster convergent one.
According to Ref. [6] , for the near vibrational regime (d-close to zero) the ground state band energies have the expressions:
For the sake of completeness we present the derivation of the two expressions for the ground band energies, in the rotational and near vibrational limits, in Appendix B.
IV. NUMERICAL RESULTS
Since the expressions (3.9), (3.11) and (3.12) are based on series expansion in 1/x and x, respectively, it is worth showing how far are the truncated expansions from the exact energies. Aiming at this goal in Fig. 1 and Fig. 2 we plotted the ratio d Table I . From Fig. 1 we see that for d ≥ 3 the used expressions for energies achieve the convergence even for high angular momenta. Concerning the energies for the near vibrational regime one notes that we use a power series of x and therefore one may think that such an expansion is valid for x ≤ 1. However, we notice that the coefficients of this expansion are depending on J and moreover are under unity numbers. The larger J the smaller are these coefficients. This fact infers that the convergence radius is larger than unity and is an increasing function of the angular momentum. As a matter of fact this is confirmed in the plot shown in Fig. 2 . Comparing the curves from Figs. 1 and 2 one may say that there is a small interval of d were the asymptotic and small x expansions are matched. This allows us to assert that the reunion of the two formulas, (3.9) and (3.12), assures an overall description of nuclei ranging from small to large deformation.
In Fig. 3 we plotted the term G J involved in the energy expression (3.9) as a function of the deformation parameter d. Except for J = 0 and J = 2 all the other functions vanish for a specific value of d which are, in fact, the lower bounds of the existence interval.
The basic expressions for energies (2.54), (3.9) and (3.12) have been used for a large number of nuclei grouped according to the nuclear phase to which they belong. Thus, for well deformed nuclei behaving like axially deformed rotator the ratio E 4 + /E 2 + should be close to the value of 3.3 while for the near vibrational region one expects a ratio close to the value 2. Between these two extreme values are placed gamma unstable nuclei where the ratio may run in the interval of 2.5-3.0. The deviation from axial symmetry can affect the ratio mentioned above. Thus 228 Th exhibits some specific feature of a triaxial nucleus with an equilibrium value γ 0 = 30 0 . The corresponding ratio E 4 + /E 2 + is equal to 3.24. According to the IBA (Interacting Boson Approximation) model [7, 8] the nuclei belonging to the three groups mentioned above are described by the irreducible representations of some dynamic groups as SU (3), SU(5) and O (6) . Since the nuclei described by a certain symmetry group exhibit some specific distinct properties one says that these form a certain nuclear phase. According to Casten [9] all nuclei of the periodic Table I. table may be placed on the sides of a triangle having in vertexes the three symmetries mentioned above. On each side which links two adjacent symmetries one expects a critical transition point between the two adjacent phases. Few years ago, Iachello [10, 11] advanced the idea that each of the critical nuclei laying on the three triangle sides correspond to specific symmetries. Thus, the transition O(6) → SU (5) 
The fitting procedure yields for the coefficients b and c double precision numbers, which are presented, in tables, in a truncated form. Since the square root formula provides energies which are quite sensitive to small variations for the parameters b and c, we give their values with a suitable large number of digits. Indeed, with the listed parameters we get the energies corresponding to the exact parameters yielded by the fitting procedure.
Comparing The last energy level of 154 Nd is uncertain and thereby it was not involved in the fitting procedure.
In Tables II and III are given the results for some isotopes We notice the small values for the r.m.s. obtained in these cases.
In Tables IV, V In Table X [13] [14] [15] [16] . The first two have been presented also in Table IX where they have been described by a formula obtained for a near vibrational regime. However, one expects that for nuclei close to the critical point the other formula using an asymptotic expansion in terms of 1/x works as well. This is actually confirmed by the data presented in Table   X for the first two nuclei. The isotope 154 Gd is supposed to satisfy the so called X (5) symmetry [13] . Our results show that the ground band energies of this critical nucleus is described quite well by the compact formulas (3.9), (3.12) . In the last table (Table XI) we present two nuclei which satisfy the symmetry E(5).
These are described with the close formulas (3.12) and (2.54). We remark that also in this case the r.m.s. values are small. Experimental data for these nuclei were considered up to the angular momentum were the first backbending is showing up. These descriptions are used for a large number of nuclei (44) . The agreement between results and experimental excitation energies is very impressive. The agreement quality is judged by the small r.m.s. values of discrepancies.
As a final conclusion we may say that the CSM procedure is able to describe in a realistic fashion the ground state energies for nuclei of different nuclear phases. An alternative description is given by a square root formula derived as approximate eigenvalue of a quadratic Hamiltonian in quadrupole bosons subject to a constraint due to the angular momentum conservation.
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VI. APPENDIX A
Using the equations of motion for the conjugate variables, one can prove thaṫ
where L 3 is defined by the following expression: 2) and has the significance of the third component of the angular momentum defined in the phase space, spanned by the coordinates (q 1 , p 1 , q 2 , p 2 ). The other two components are:
Indeed, one easily check that 
